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A model of an electron and a Dirac monopole interacting through an axially symmetric non- 
hermitian but "PT-symmetric potential is discussed in detail. The intriguing localization of the 
wave-packet as a result of the anomalous breaking of the scale symmetry is shown to provide a scale 
for the system. The symmetry algebra for the system, which is the conformal algebra 50(2, 1), is 
discussed and is shown to belong to the enveloping algebra of the combined algebra, composed of 
the Virosoro algebra, {Ln,n £ N} and an abelian algebra, {Pn,n £ N}. 
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I. INTRODUCTION 

The massless scaler field theory [l[ in ((i-l-l)-dimensions 
with interaction Cint = —g(jP^'^~^^'>/^'^~^'> is known to have 
conformal symmetry S0{2, 1), generated by dilation D, 
the Hamiltonian itself H and generator for conformal 
transformation K. This model defined by the Lagrangian 
C = — g(^2(!i-i-i)/(d-i) plays a crucial role in the 

context of conformal symmetry in quantum mechanics, 
when the scalar field is considered in (0 -|- l)-dimension. 

Since then a huge number of works QjBSQ have been 
reported in the quantum mechanical settings, studying 
conformal symmetry Q and related issue like anomaly 
Q . The basic ingredient in almost all the cases is the in- 
teraction potential of the form Vi = Cr'^ [H [3, i, 0, i] . 
The reason for taking the potential Vj can be under- 
stood from the scale transformation property, D : t 
a^t, D : r ^ ar, of the potential compared to the ki- 
netic energy term. The same scale transformation for 
the potential D : Vj ^ a~^Vi as the kinetic term 



p /2m makes the Lagrangian scales 
^L, which is sufficient to keep the ac- 



D : p^/2m 
as D : L — 

tion, S — J dtL, invariant, D : S S. The invariance 
of the system under scale transformation, D, has a con- 
sequence on the observables like bound state eigenvalue 
and phase-shift of the scattering states. Scale symme- 
try implies that, the ground state of the system is not 
bounded from below, i.e., -Bg.s = —oo. Then the system 
is not stable and therefore will collapse into the singular- 
ity, ft is however possible to make these systems stable 
against collapse by suitable quantization. The quantiza- 
tion procedure provide a scale for the system and shows 
up as a lower bound to the bound state eigenvalue. 

It can be noted that the scale transformation in spher- 
ical co-ordinates, D : t ^ a^t, D : r ^ ar, D : ~* 6 
D : (j> (p, does not effect the angular coordinates and 
(j). One can therefore generalize potential, still remain- 
ing scale covariant, like Vg^^ = C{9,(p)r~'^, where now 
instead of being constat coefficient, C{9, 0) is both func- 
tion of 9 and (f>. Note the scale transformation D : Ve,(f, 



a^'^Vg^cf,, which is same as the previous scale covariant po- 
tential Vj. One can also generalize the kinetic term to in- 
clude magnetic vector potential as long as it remains scale 
covariant. One can easily find a magnetic vector potential 
A, such that the generalized kinetic term {p + eA)^/2m 
transform the same way as p'^/2m. In our present ar- 
ticle, we discuss such a system, where an electrically 
charged particle is moving in the background field of a 
magnetic monopole. We also include an interaction po- 
tential, which is axially symmetric Vpr = r{r+z) r{r-z) ' 
where ci, and C2 are two complex valued constant pa- 



rameters such that ci — 



This system is obtained 



from the gener ahzcd MIC-Kepler system d which 
is the system of two dyons with the axially symmetric 
potential Vmic = ^(7^ + - ajr + s'^/r'^. We 

set the Coulomb term and the extra inverse square term 
zero, i.e., as = = and and generalize the two con- 
stants Ci and C2 to complex numbers in Vmic- Note that 
the complex potential, V-pq-, although makes the system 
non-hermitian, it still remains T'T-symmetric. 

This article is organized in the following way: We dis- 
cuss the model in the next section and offer a physically 
realizable solution for the problem. The scale symme- 
try of the classical version of the problem is discussed 
in Sec. Ill, and it is shown that scale symmetry goes 
anomalous breaking in our quantization process. The al- 
gebraic property of the model is discussed in Sec. IV, 
where it is shown that SO {2, 1) algebra is a subalgebra 
of an enveloping algebra. Finally we conclude in Sec. V. 



II. ELECTRON AND DIRAC MONOPOLE 
SYSTEM IN VT -SYMMETRIC POTENTIAL 

The formal Hamiltonian for an electron moving in 
the background field of a Dirac monopole and inter- 
acting with the potential Vpx is written in the form 
{h = e ^ c = 2 X reduced mass = 1) 



H = {-iV 



ci 



C2 



r{r + z) r{r — z) 



(1) 
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where according to Dirac quantization condition s = 
0, ±1/2, ±1, ±3/2, ... The vector potential. A, due to the 
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magnetic monopole field, B = r/r ^, has been taken 
as A = (r^ — rz) {y,—x,0). Note that we drop the 
inverse square term s"^ / {^/2r)~'^ from our model Hamil- 
tonian, which was put in by hand in order to restore 
the SO{A) and S0{1,3) symmetry for the bound state 
and scattering sate respectively. See Ref. jljj for detail 
discussion on it. The Hamiltonian ([1]), defined on the 
Hilbert space L^{Ii? ^r^drdVl) £ Ti can be separated in 
radial and angular part as 

H = Hir)®r-^j:{0,(l>). (2) 

Note that the radial and angular Hamiltonians H{r) — 
— [r^^dr (r^dr) — s"^ /2r^'\ and Y.{9,(/)) act over the 
Hilbert spaces L'^ {R^ , r'^ dr) and L^{S^,ft) respectively, 
where L^{R^,r^drdn) = {R+ , dr) L"^ {S^ , dn) . We 
now consider a similarity transformation (unitary) U{r) : 
L^iR+,r^dr)^L''iS^,dn) ^ L^R+ , dr) L'' {S^ , dfl) , 
so that the radial Hamiltonian is obtained in a convenient 
form 



Hr 



U{ryHU{r) = -d^ + {a - s'^)/r'^ 



(3) 



where (/>) has been replaced by its corresponding 
eigenvalue a, obtained from 0) = aY{9,<j)). 

The explicit form of the angular Hamiltonian can be 
found in ITol . IT^ . but for our present purpose it is 
not required. Note that the Hamiltonian ([3]) is a well 
known operator appeared in diverse fields in theoretical 
physics. It is an example of a class of operators where 
both the method of self-adjoint extensions (SAE) and 
re-normalization technique are successfully applied in or- 
der to get physically realizable solutions. The specific 
technique used depends on the value of the effective cou- 
pling constant {a — s^) of the inverse square interaction. 
In our case (a — s^) is always is positive. Since the re- 
normalization technique is useful for coupling < — 1/4 Q, 
we rule out the the re-normalization technique from our 
consideration because effective coupling is (a — s^) > 0. 

For potential of the form Vi = Cr~^ in 1-dimension, 
one can show that there is a window in the coupling con- 
stant, — 1/4 < C < 3/4, where the problem under consid- 
eration is not self-adjoint for a very simple domain and 
needs a self-adjoint extensions (SAE). Our model Hamil- 
tonian Hjj therefore deserves SAE for — 1/4 < [a — s^) < 
3/4. The usual prescription is to define the Hamiltonian 
Hu over a very restricted domain 

V{Hu) = mr) e L^{R+,dr),m = V'(0) = 0} , (4) 

so that the Hamiltonian Hu easily becomes symmetric, 
{Xi,HuX2) = {HuXi,X2) for V Xi,X2 e Vu- Then one 
needs to go for a consistent method to get a SAE for the 
Hamiltonian Hjj. We use the von Neumann's method 
of SAE for our purpose. It helps us to construct a self- 
adjoint domain 



V^{Hu) = p(F[/)+V'"IV'" e -DiHl)}., 



(5) 



where the explicit form of the function ip'^ is the linear 
combination ■0" = ip'^ + exp{iuj)'ip~ of the two deficiency 



space solutions H^il;^ = ztiip^ {Iljj is the adjoint of 
Hu). The Hamiltonian Hu is now sclf-adjoint over the 
domain ^^{Hu). 

The bound state energy and bound state eigen- 
function, for < C^ — 1/4 = a — s^ < 3/4, are respectively 
given by [H 



Tp{r) 



(6) 



where is the modified bessel function, L is the length 
scale which comes from self-adjoint extensions and ^{10) 
is a periodic function whose explicit form can be found 
by matching the limiting value of the eigenfunction ([6|) 
with the domain 'D'^{Hu) at r — > 0, 



H^) 



I cos i (2(jj + Ctt) 



cos J {2lo 



Ctt) 



(7) 



Note that the periodic function T{u)) = J-{uo + tt) also 
depends on the coupling constant C, besides the SAE 
parameter uj. The bound state does not exist for two 
extremes for the periodic function, when \J-{lo = (1 — 
C/2)7r)| = (this is the condition for threshold) or 
\T{u} = (1 -I- C/2)7r)| — 00 (this is the condition when 
the bound state collapses into singularity). 



III. ANOMALOUS SYMMETRY BREAKING 

We now discuss the scaling symmetry breaking in our 
model. We start with the corresponding classical Hamil- 
tonian 



Hci=T> 



ci 



Va, 



(8) 



where now l^ci = [p ^ sA). The lagrangian obtained 
from the Hamiltonian ([5]) is found to be Lqi — l/2v^ ~ 
A.v — Va. It can be noted that in terms of dimensions the 
relation [Hci] = [Lci] = [t^^] = evidently makes 

the action S — J Lcidt dimensionless. Consider the scale 
transformation T : r gr, t — > g^t. The action S is 
invariant under this transformation, T : S S, which in 
tern imples the existence of a conserved char ge a ccording 
to the Noether theorem, known as Dilation jisl . [T^ 



ci 



EdLci . 



T0°At = ffcii-(l/4)[r,p,], (9) 



(in symmetrized form), where T = ^ d± ' ^ ~ ^ci- In 
classical physics the transformation related to dilation 
Dci , can be shown [li, ITg'I to be responsible for generat- 
ing infinitesimal scale transformation. 

In order to see whether the scale symmetry, we just 
discussed, goes through unbroken even after quantization 
of the classical system Hci, we have to know the possi- 
ble consequence of the scale symmetry which we could 
be able to identify in quantum system. It can be easily 
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shown that in order the scale symmetry to be unbroken 
even after quantization, the system does not have any 
lower bound of the energy, which implies that there is 
no bound state for the system. The proof goes as fol- 
lows: Consider the eigenvalue equation Hip{r) = Eip{r). 
The function 4'{q''') is also an eigen-state with eigen- 
value E/ Q^. This shows that the eigen-state 'ip{r) can 
be continuously squished towards the center to collapse 
to the singularity in the limit (? ^ 0; lim^^o 
lim^^o E/ = oo. 

In our case we showed in the previous section that 
the model has single bound state with energy E{L"'^,uj), 
parameterized by uj. Every value of the parameter to cor- 
responds to a well defined boundary condition. The exis- 
tence of a bound state indicates that the scale symmetry 
is anomalously broken (171] . We pointed out in the pre- 
vious section that there are two extremes: one is thresh- 
old at (1 — C/2)tt and other is at (1 -I- C/2)tt where the 
bound state collapses, indicating that scaling symmetry 
still survives in case of two inequivalent quantizations. 



where d = C + 1/2. It can be noted that the SO{2, 1) 
generators are products of the elements of the algebra A 
given in Eqs. PT|) . and p^ . So it docs not belong 
to the algebra A, however they belong to its enveloping 
algebra A. One can think S0{2, 1) as a sub-algebra of 
the enveloping algebra A. The commutation relation of 
the Hamiltonian with the generators of the algebra A can 
be written as (fSj] 

[K,Hu] - -(n+l)[L„_i,i_i]+ + 2i9(z9-l)P2-„, 

[Pn,Hu] - Jl[L^l,Pl+n]+ (17) 

The commutation relation of the remaining 5*0(2, 1) gen- 
erators with the elements of the algebra, A, can be sim- 
ilarly evaluated as 

[L„,K] = [L„,Hu] t^ + n/2L„ + 

{n + l)/2L„_iP_i - l/2L_iP_i_„ - mP_2-« , (18) 



IV. THE ENVELOPING ALGEBRA AND ITS 
CORRESPONDING PROPERTY 

The model we are discussing in this article has a radial 
eigen-value equation ([3]) which possesses 50(2, 1) sym- 
metry generated by the Hamiltonian Hu, the dilation 
V = iD and the conformal generator K . The explicit 
forms of two of the 50(2, 1) generators, Hu and I?, are 
known in our case so far. The explicit form of the gener- 
ator K of the algebra {h= 1) [l| 

[V, Hu] = Hu, [V, K] = -K, [Hu, K] = 2V , (10) 

is found to be X Ht'^ - (1/2) h-Pr]+ + (l/4)r2. It has 
been shown in the literature [l^ that the Hamiltonian of 
form Hu are part of the enveloping algebra of an alge- 
bra A, made up with the two sub-algebras. One is the 
Virasoro algebra (with generators Lm,m e Z) 

[L^,Ln] = {m-n)Lm+n, (11) 

and other is an abelian algebra (with generators Pm, m G 

Z) 

[Pm,Pn]=0, (12) 

with commutators between the elements of the two dif- 
ferent sub- algebras is 

[Lm, P,i] = nPn-m ■ (13) 

Consider the representations Lm = —r"^~^^dr and Pm = 
l/r"*. One can write down the above discussed genera- 
tors of the SO{2, 1) algebra, Hu, V and K in terms of 
Lm and P„ for some values of m and n, 

Hu = {-L^i+m){L-i+m), (14) 
~W = i/t,i+l/4(Lo + L_iP_i), (15) 
K = i/ai' + l/2(Lo + i-i^'-i)< + (l/2)P-2(16) 



[Pn,K] = [Pn,Hu] - n/2P„ - l/2P„+iP_i , (19) 



[L„, -iV] = [L„, Hu] t + n/42L„ + 

{n + l)/4L„_iP_i - l/4L_iP_i_„ , (20) 



[Pn,-iV] = [P„, Hu] t - n/AP^ - l/4P„+iP_i . (21) 

Note that all the above three commutators are written 
in terms of the nonlinear sums of the of elements of A. 



V. CONCLUSION 

In conclusion, we discussed the dynamics of an electron 
in the field of a Dirac monopole and interacting with an 
axially symmetric PT-symmetric potential V-pq-. We find 
bound state solutions due to the anomalous breaking of 
the scaling symmetry of the system by self-adjoint exten- 
sions. We show that the so(2, 1) algebra of the system be- 
long to the enveloping algebra. A, of an algebra. A, which 
is a combination of the Virosoro algebra, n € N} and 
an abelian algebra, {P„,n G N}. 



VI. ACKNOWLEDGMENT 

The author thanks P. B. Pal for his comments on the 
manuscript. 



4 



[1] V. de Alfaro, S. Fubini and G. furlan, Nuovo Cimento 

34A, 569 (1976). 
[2] H. E. Camblong, L. N. Epele, H. Fanchiotti and C. A. G. 

Canal, Phys. Rev. Lett. 87 220402 (2001). 
[3] K. S. Gupta and S. G. Rajeev, Phys. Rev. D48, 5940 

(1993). 

[4] P. R. Giri. larXiv:0708.07 07vl. 
[5] P. R. Giri, Phys. Rev. A76, 012114 (2007). 
[6] H. E. Camblong, C. R. Ordonez, Phys. Rev. D68, 125013 
(2003). 

[7] P. R. Giri, K. S. Gupta, S. Meljanac and A. Samsarov, 

Phys. Lett. A372, 2967 (2008). 
[8] L. Feher, I. Tsutsui, T. Fulop, Nucl.Phys. B715, 713 

(2005). 



[9] L. Mardoyan, J. Math . Phys. 44 4981 (2003). 
[10] L. Mardoyan, |q uant -ph/0310143 vl (2003). 
[11] D. Zwanziger, PhjiTRev. 176 1480 (1968). 
[12] P. R. Giri, Mod. Phys. Lett. A22, 2365 (2007). 
[13] J. M. Levy Leblond, Am. J. Phys. 502, 1971. 
[14] A. Cabo, J. L. Lucio and H. Mercado, 

|arXiv:quant"^ph7 9702042 vl. 
[15] E. Gozzi and D. Mauro, Phys. Lett. A345, 273 (2005). 
[16] E. Gozzi and D. Mauro, J. Phys. A39, 3411 (2006). 
[17] T. R. Govindarajan, V. suneeta and S. Vaidya, Nucl. 

Phys. B583, 291 (2000). 
[18] D. Birmingham, K. S. Gupta and S. Sen, Phys. Lett. 

B505, 191 (2001). 



